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Abstract
A theoretical investigation has been made to understand the mechanism of the formation of both bright and dark envelope soltions
associated with dust-ion-acoustic waves (DIAWs) propagating in an unmagnetized three component dusty plasma medium hav-
ing inertial warm positive ions and negative dust grains, and inertialess non-thermal Cairns’ distributed electrons. A nonlinear
Schro¨dinger equation (NLSE) is derived by employing reductive perturbation method. The effects of plasma parameters, viz., γ2
(the ratio of the positive ion temperature to electron temperature times the charge state of ion) and ν (the ratio of the charge state of
negative dust grain to positive ion) on the modulational instability of DIAW which is governed by NLSE, are extensively studied.
It is found that increasing the value of the ion (electron) temperature reduces (enhances) the critical wave number (kc). The results
of our present theoretical work may be used to interpret the nonlinear electrostatic structures which can exist in many astrophysical
environments and laboratory plasmas.
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1. Introduction
A dusty plasma (DP), which is defined as fully or partially
ionized electrically conducting low-temperature gas, is referred
as “complex plasma” due to the existence of the micron or sub-
micron sized dust grains [1, 2, 3, 4, 5]. The presence of mas-
sive dust grains significantly modifies the dynamics of the DP
medium (DPM) [6, 7, 8, 9, 10]. The size and shape of the dust
grains (million times heavier than the protons and their sizes
range from nanometres to millimetres) are considerable with
those of the ions/protons [1, 2, 3]. Over the last few decades,
there has been a great interest in investigating the linear and
nonlinear wave propagation in DPM which can be found in
both space environments (viz., cometary tails [3], the magne-
tosphere of the Jupiter and the Saturn [4], interstellar medium
[5, 6], in the galactic centre [6], and the Earth’s ionosphere [9],
etc.) and also laboratory plasmas (viz., electronics industry
[11, 12]). For the generation and propagation of electrostatic
waves in DPM, the moment of inertia is basically contributed
by the heavy elements of the medium while the restoring force
is contributed by the light elements. The moment of inertia
(restoring force) is contributed by the mass of the massive dust
grains (thermal pressure of the electrons and ions) for the for-
mation of the dust-acoustic waves (DAWs) [7, 8, 9, 10] in three
components DPM (viz., electrons, ions, and dust grains, etc).
On the other hand, in the propagation of the dust-ion-acoustic
waves (DIAWs) [3, 4, 5, 6], the moment of inertia (restoring
force) is contributed by the mass of the massive ions (thermal
pressure of the electrons) in the presence of immobile massive
dust grains. So, the massive dust grains do not play direct role in
the formation of DIAWs but their existence in the background
rigorously changes the dynamics of the DPM.
The existence of non-Maxwellian particles has been common
in most of the space and laboratory DPM, and thus many scien-
tists have been interested to analyse the behaviour of nonlinear
electrostatic potential structures in the non-thermal DPM. Vela
satellite has been observed that the electrons and ions in the
Earth’s bow-shock do follow non-Maxwellian velocity distribu-
tion [13] instead of Maxwellian velocity distribution. Cairns’
et al. [14] first constructed the non-thermal velocity distri-
bution function for explaining the nonlinear behaviour of the
space plasma species such as electrons and ions, and succes-
sively, this distribution has been considered by many authors
[3, 5, 7] for further treatment to non-thermal plasma species.
Alinejad [3] studied DIAWs in a non-thermal DPM having in-
ertial ions and inertialess electrons in the presence of immobile
massive dust grains, and observed that the width of electrostatic
pulse increases with electrons non-thermality. Paul and Bandy-
opadhyay [4] investigated the nonlinear properties of DIAWs in
DPM by considering inerialess non-thermal Cairns’ distributed
electrons and inertial ions as well as massive dust grains in the
background. Banerjee and Maitra [5] examined the condition
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for the formation of positive potential solitary waves with dif-
ferent values of non-thermal parameter α in a multi-component
DPM.
Bright and dark envelope solitions can generate due to the
existence of external perturbations in a nonlinear dispersive
medium, and are considered two important solitonic solutions
of the standard nonlinear Schro¨dinger equation (NLSE) which
governs the modulational instability (MI) of the carrier waves.
Amin et al. [7] studied the MI of the DAWs and DIAWs in a
three component DPM. El-Labany et al. [8] theoretically and
numerically analyzed the instability criteria of the DAWs in the
presence of non-thermal plasma species. Misra and Chowdhury
[10] considered inertial massive dust grains and inertialess elec-
trons and ions for studying the MI of DAWs. To the best knowl-
edge of authors, no one has considered inertial ions along with
inertial dust grains and inertialess non-thermal electrons to in-
vestigate DIAWs and associated MI of DIAWs. Hence, in this
paper, we would like to investigate the MI of the DIAWs in
which the moment of inertia is provided by the mass of the in-
ertial negatively charged dust grains as well as warm ions, and
the restoring force is provided by the thermal pressure of the
non-thermal electrons.
The rest part of this paper goes as follows: The governing
equations are presented in section 2. The derivation of NLSE
via reductive perturbation method (RPM) is demonstrated in
section 3. The MI and envelope solitons are provided in section
4. Results and discussions are provided in section 5. A brief
conclusion is provided in section 6.
2. Governing equations
We consider a three component DPM comprising of inertial
positively chargedwarm ions (charge qi = Zie and mass mi) and
inertial negatively charged dust grains (charge qd = −Zde and
mass md) as well as inertialess non-thermal electrons (charge
qe = −e; mass me); where Zi (Zd) is the number of protons
(electrons) residing on the ion (dust grain) surface, and e is the
magnitude of the charge of an electron. Overall, the charge
neutrality condition for our plasma model is written as Zini0 =
Zdnd0 + ne0. Now, the normalized governing equations of the
DIAWs can be written as
∂nd
∂t
+
∂
∂x
(ndud) = 0, (1)
∂ud
∂t
+ ud
∂ud
∂x
= γ1
∂φ
∂x
, (2)
∂ni
∂t
+
∂
∂x
(niui) = 0, (3)
∂ui
∂t
+ ui
∂ui
∂x
+ γ2ni
∂ni
∂x
= −∂φ
∂x
, (4)
∂2φ
∂x2
= γ3ne + (1 − γ3)nd − ni, (5)
where nd (ni) is the dust (ion) number density normalized
by its equilibrium value nd0 (ni0); ud (ui) is the dust (ion)
fluid speed normalized by the ion-acoustic wave speed Ci =
(ZikBTe/mi)
1/2 with Te being the non-thermal electron tem-
perature and kB being the Boltzmann constant; φ is the elec-
trostatic wave potential normalized by kBTe/e; the time and
space variables are normalized byω−1
pi
= (mi/4πZi
2e2ni0)
1/2 and
λDi = (kBTe/4πZie
2ni0)
1/2, respectively. The pressure term of
the ion is recognized as Pi = Pi0(Ni/ni0)
γ with Pi0 = ni0kBTi be-
ing the equilibrium pressure of the ion, Ti being the temperature
of warm ion, and γ = (N + 2)/N (where N is the degree of free-
dom and for one-dimensional case N = 1, hence γ = 3). Other
parameters can be defined as γ1 = µν, µ = mi/md, ν = Zd/Zi,
γ2 = 3Ti/ZiTe, and γ3 = ne0/Zini0. Now, the expression for
electron number density which is obeying non-thermal Cairns’
distribution [14] is given by
ne = (1 − βφ + βφ2) exp(φ), (6)
where β = 4α/(1+ 3α) with α being the parameter determining
the faster particles present in plasma model. Now, by substitut-
ing Eq. (6) into Eq. (5), and expanding the exponential term up
to third order, we can find
∂2φ
∂x2
+ ni = γ3 + (1 − γ3)nd + H1φ + H2φ2 + H3φ3 + · · ·, (7)
where H1 = γ3 − γ3β, H2 = γ3/2, and H3 = γ3/6 − γ3β/2. The
terms H1, H2, and H3 in the right-hand side of Eq. (7) are the
contribution of inertialess electrons.
3. Derivation of the NLSE
In order to investigate the MI and envelope solitons associ-
ated with DIAWs, we drive the NLSE by applying the RPM. At
first, we introduced the stretched co-ordinates in the following
form [15, 16, 17, 18, 19, 20, 21]:
ξ = ǫ(x − vgt), τ = ǫ2t, (8)
where vg denotes the group speed of the carrier waves and ǫ
represents nonlinear parameter. The dependent variables can
be written as [21, 22, 23, 24, 25, 26, 27]
nmdl = 1 +
∞∑
m=1
ǫm
∞∑
l=−∞
n
(m)
dl
(ξ, τ) exp[il(kx − ωt)], (9)
umdl =
∞∑
m=1
ǫm
∞∑
l=−∞
u
(m)
dl
(ξ, τ) exp[il(kx − ωt)], (10)
nmil = 1 +
∞∑
m=1
ǫm
∞∑
l=−∞
n
(m)
il
(ξ, τ) exp[il(kx − ωt)], (11)
umil =
∞∑
m=1
ǫm
∞∑
l=−∞
u
(m)
il
(ξ, τ) exp[il(kx − ωt)], (12)
φml =
∞∑
m=1
ǫm
∞∑
l=−∞
φ
(m)
l
(ξ, τ) exp[il(kx − ωt)], (13)
where k (ω) indicates the carrier wave number (frequency). We
can represent the derivative operators as
∂
∂t
→ ∂
∂t
− ǫvg ∂
∂ξ
+ ǫ2
∂
∂τ
, (14)
∂
∂x
→ ∂
∂x
+ ǫ
∂
∂ξ
. (15)
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Figure 1: Plot of ω f vs k (left panel) and ωs vs k (right panel) when α = 0.4,
µ = 10−6, ν = 5 × 105 , γ2 = 0.4, and γ3 = 0.6.
Now, by substituting Eqs. (8)-(15) into Eqs. (1)-(4) and Eq.
(7), and picking up the terms that are associated with ǫ, the first
order (m = 1 with l = 1) equations may be written as
n
(1)
d1
= −γ1k
2
ω2
φ
(1)
1
, (16)
u
(1)
d1
= −γ1k
ω
φ
(1)
1
, (17)
n
(1)
i1
=
k2
ω2 − γ2k2
φ
(1)
1
, (18)
u
(1)
i1
=
kω
ω2 − γ2k2
φ
(1)
1
, (19)
and the dispersion relation for DIAWs can be written as
ω2 =
k2B ± k2
√
B2 − 4AC
2A
, (20)
where A = k2 + H1, B = 1 + γ1 − γ1γ3 + γ2k2 + γ2H1, and
C = γ1γ2 − γ1γ2γ3. In Eq. (20), to get real and positive value
of ω, the condition B2 > 4AC should be satisfied. The positive
and negative signs in Eq. (20) correspond to the fast (ω f ) and
slow (ωs) DIA modes. The fast DIA mode corresponds to the
case in which both inertial dust and ion components oscillate in
phase with the inertialess electrons. On the other hand, the slow
DIA mode corresponds to the case in which only one of the in-
ertial components oscillates in phase with inertialess electrons,
but the other inertial component oscillates in anti-phase with
them [29, 30]. We have numerically analyzed the fast and slow
DIA modes in Fig. 1 in the presence of non-thermal electrons.
Figure 1 (left panel) indicates that the frequency of the DIAWs
can be higher than ion-plasma frequency. In this regard, we
note that in absence of dust, the frequency of the ion-acoustic
waves is always less than the ion-plasma or ion-Langmuir fre-
quency. However, the phase speed of the DIAWs increases with
the magnitude of the dust charge (Zd) and dust number density
(nd0). This is due to the extra space charge electric field created
by the highly negatively charged dust grains. This is theoret-
ically predicted by Shukla and Silin [31] and experimentally
observed by Barkan et al. [32]. Thus, as the magnitude of
the dust charge (Zd) or dust number density (nd0) increases, the
frequency of the DIAWs increases, even it can exceed the ion-
plasma or ion-Langmuir frequency. On the other hand, the dis-
persion curve of slow DIA mode shown in Fig. 1 (right panel)
clearly indicates that the frequency of the slow DIA mode is al-
ways less than the ion-plasma or ion-Langmuir frequency even
in the presence of highly negatively charged dust.
For second order harmonics, equations can be found from the
next order of ǫ (with m = 2 and l = 1) as
n
(2)
d1
= −γ1k
2
ω2
φ
(2)
1
−
[2(γ1kω − γ1vgk2)
iω3
]∂φ(1)
1
∂ξ
, (21)
u
(2)
d1
= −γ1k
ω
φ
(2)
1
−
[γ1ω − γ1vgk
iω2
]∂φ(1)
1
∂ξ
, (22)
n
(2)
i1
=
k2
ω2 − γ2k2
φ
(2)
1
+
[2kω(ω − vgk)
i(ω2 − γ2k2)2
]∂φ(1)
1
∂ξ
, (23)
u
(2)
i1
=
kω
ω2 − γ2k2
φ
(2)
1
+
[ (ω − vgk)
i(ω2 − γ2k2)2
]∂φ(1)
1
∂ξ
+
[
(ω2 + γ2k
2)
i(ω2 − γ2k2)2
]∂φ(1)
1
∂ξ
, (24)
with the compatibility condition, we have obtained the group
speed of IAWs as
vg =
γ1γ3ω
5 + 2γ1γ2k
2ω3 − 2γ1γ2γ3k2ω3 − γ1ω5 + F1
γ1γ
2
2
γ3k5 − 2γ1γ2γ3k3ω2 + F2
, (25)
where
F1 = γ1γ22γ3k4ω − ω5 + ω7 − 2γ2ω5k2 + γ22ω3k4 − γ1γ22k4ω,
F2 = γ1γ3kω4 − γ1kω4 + 2γ1γ2k3ω2 − kω4 − γ1γ22k5.
The coefficients of the ǫ when m = 2 with l = 2 provides the
second order harmonic amplitudes which are found to be pro-
portional to |φ(1)
1
|2
n
(2)
d2
= H4|φ(1)1 |2, (26)
u
(2)
d2
= H5|φ(1)1 |2, (27)
n
(2)
i2
= H6|φ(1)1 |2, (28)
u
(2)
i2
= H7|φ(1)1 |2, (29)
φ
(2)
2
= H8|φ(1)1 |2, (30)
where
H4 =
3γ2
1
k4 − 2γ1k2ω2H8
2ω4
,
H5 =
γ2
1
k3 − 2γ1kω2H8
2ω3
,
H6 =
2k2H8(ω
2 − γ2k2)2 + k4(γ2k2 + 3ω2)
2(ω2 − γ2k2)3
,
H7 =
2k(H8 + γ2H6)(ω
2 − γ2k2)2 + k3ω2 + γ2k5
2ω(ω2 − γ2k2)2
,
H8 = {k4ω4(3ω2 + γ2k2) − 3γ21k4(1 − γ3)(ω2 − γ2k2)3
−2ω4H2(ω2 − γ2k2)3}/6k2ω4(ω2 − γ2k2)3.
Again, when (m = 3 with l = 0) and (m = 2 with l = 0), we find
these relations
n
(2)
d0
= H9|φ(1)1 |2, (31)
u
(2)
d0
= H10|φ(1)1 |2, (32)
n
(2)
i0
= H11|φ(1)1 |2, (33)
u
(2)
i0
= H12|φ(1)1 |2, (34)
φ
(2)
0
= H13|φ(1)1 |2, (35)
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where
H9 =
2γ2
1
vgk
3 + γ2
1
k2ω − γ1ω3H13
v2gω
3
,
H10 =
γ2
1
k2 − γ1ω2H13
vgω2
,
H11 =
H13(ω
2 − γ2k2)2 + 2vgk3ω + γ2k4 + k2ω2
(γ2 − v2g)(ω2 − γ2k2)2
,
H12 =
(H13 + γ2H11)(ω
2 − γ2k2)2 + k2ω2 + γ2k4
vg(ω2 − γ2k2)2
,
H13 =
v2gk
2ω3(γ2k
2 + ω2 + 2vgkω) − F3
ω3(ω2 − γ2k2)2 × F4
,
where
F3 = (1 − γ3)(v2g − γ2)(ω2 − γ2k2)2(γ21k2ω + 2γ21vgk3)
+2v2gω
3H2(v
2
g − γ2)(ω2 − γ2k2)2,
F4 = v2gH1(v2g − γ2) − v2g − γ1(1 − γ3)(v2g − γ2).
Now, we develop the standard NLSE by substituting all the
above equations into third order harmonic modes (m = 3 with
l = 1):
i
∂Φ
∂τ
+ P
∂2Φ
∂ξ2
+ Q|Φ|2Φ = 0, (36)
where Φ = φ
(1)
1
for simplicity. In Eq. (36), P can be written as
P =
F5 − ω4(ω2 − γ2k2)3
ω(ω2 − γ2k2) × F6
,
where
F5 = ω4(ω − vgk){2kω(γ2k − vgω) + (ω − vgk)(ω2 + γ2k2)}
+γ1(1 − γ3)(ω − vgk)(ω − 3vgk)(ω2 − γ2k2)3,
F6 = 2k2ω4 + 2γ1k2(1 − γ3)(ω2 − γ2k2)2,
and also Q can be written as
Q =
F7 − ω3(ω2k2 + γ2k4)(H6 + H11) − 2k3ω4(H7 + H12)
F6
,
where
F7 =
[
ω3{3H3 + 2H2(H8 + H13)} − γ1k2ω(1 − γ3)(H4 + H9)
−2γ1k3(1 − γ3)(H5 + H10)
]
(ω2 − γ2k2)2.
The space and time evolution of the DIAWs in the plasma
medium are directly governed by the dispersion (P) and non-
linear (Q) coefficients of NLSE and are indirectly governed by
different plasma parameters such as α, µ, ν, γ2, and γ3. Thus,
these plasma parameters significantly affect the stability condi-
tions of DIAWs.
4. Modulational instability and Envelope Solitons
The stable and unstable parametric regimes of DIAWs are
organised by the sign of P and Q of Eq. (36). When P and
Figure 2: Plot of P/Q vs k for various values of γ2 when α = 0.4, µ = 10
−6 ,
ν = 5 × 105, and γ3 = 0.6.
Figure 3: Plot of P/Q vs k for various values of ν when α = 0.4, µ = 10−6 ,
γ2 = 0.4, and γ3 = 0.6.
Figure 4: Bright (left panel) and dark (right panel) envelope solitons when other
plasma parameters are τ = 0, ψ0 = 0.005, U = 0.4, Ω0 = 0.4, α = 0.4,
µ = 10−6, ν = 5 × 105, γ2 = 0.4, and γ3 = 0.6.
Q has the same sign (i.e., P/Q > 0), the evolution of DIAWs
amplitude is modulationally unstable in the presence of external
perturbations. On the other hand, when P and Q has opposite
sign (i.e., P/Q < 0), the DIAWs are modulationally stable in the
presence of external perturbations. So, the plot of P/Q against
k yields stable and unstable parametric regimes of the DIAWs.
The point at which the transition of P/Q curve intersects with
the k-axis is known as the critical wave number k (= kc).
The bright (when P/Q > 0) and dark (when P/Q < 0) enve-
4
lope solitonic solutions can be written, respectively, as
Φ(ξ, τ) =
[
ψ0 sech
2
(
ξ − Uτ
W
)] 1
2
× exp
[
i
2P
{
Uξ +
(
Ω0 −
U2
2
)
τ
}]
, (37)
Φ(ξ, τ) =
[
ψ0 tanh
2
(
ξ − Uτ
W
)] 1
2
× exp
[
i
2P
{
Uξ −
(
U2
2
− 2PQψ0
)
τ
}]
, (38)
where ψ0 is the amplitude of localized pulse for both bright and
dark envelope solitons, U is the propagation speed of the lo-
calized pulse, W is the soliton width, and Ω0 is the oscillating
frequency at U = 0. The soliton width W and the maximum
amplitude ψ0 are related as W =
√
2 | P/Q | /ψ0. We have de-
picted the bright (left panel) and dark (right panel) envelope
solitons in Fig. 4.
5. Results and discussions
Now, we would like to numerically analyze the stability con-
ditions of the DIAWs in the presence of non-thermal electrons.
The mass and charge state of the plasma species, even their
number density, are important factors in recognizing the stabil-
ity conditions of the DIAWs in DPM [1, 30, 33, 34, 35, 36].
The mass of the dust grains is comparable to the mass of the
protons. In a general picture of the DPM, dust grains are mas-
sive (million to billion times heavier than the protons) and their
sizes range from nanometres to millimetres. Dust grains may be
metallic, conducting, or made of ice particulates. The size and
shape of dust grains will be different, unless they are man-made.
The dust grains are million to billion times heavier than the pro-
tons, and typically, a dust grain acquires one thousand to several
hundred thousand elementary charges [1, 30, 33, 34, 35, 36].
It may be noted here that in DAWs, the mass of the dust
grains provides the moment of inertia, and the thermal pres-
sure of the electrons and ions provides the restoring force in a
three component DPM. On the other hand, in DIAWs, the mass
of the ion provides the moment of inertia, and the thermal pres-
sure of the electron provides the restoring force in the presence
of immobile dust grains. In this article, we consider three com-
ponent dusty plasma model having inertial warm positive ions
and negative dust grains, and interialess non-thermal electrons.
It may be noted here that in the DIAWs, if anyone considers the
thermal effects of the ions then it is important to consider the
moment of inertia of the ions along with the dust grains in the
presence of inertialess electrons. This means that the consider-
ation of the pressure term of the ions highly contributes to the
moment of inertia along with inertial dust grains to generate DI-
AWs in a DPM having inertialess electrons. In our present anal-
ysis, we have considered that md = 10
6mi, Zd = (10
3
∼ 105)Zi,
and Te = 10Ti.
The effects of ion and electron temperature on MI conditions
of DIAWs can be observed from Fig. 2 and it is clear from this
figure that (a) it is really interesting that both modulaltionally
stable and unstable parametric regimes are allowed; (b) the DI-
AWs are modulationally stable for small values of k while mod-
ulationally unstable for large values of k; (c) the critical wave
number kc decreases (increases) with increasing ion (electron)
temperature for a constant value of Zi (via γ2). So, ion and elec-
tron temperature play an opposite role in recognizing the mod-
ulationally stable and unstable parametric regimes of DIAWs.
Figures 3 can reflect the effects of the charge state of inertial
warm ions and negatively charged dust grains on the instabil-
ity criterion of DIAWs in the presence of non-thermal electrons
(via ν). The DIAWs become unstable for small (large) values
of k as we increase the charge state of the inertial negatively
charged dust grains (warm ions). Finally, from Fig. 4, it can be
seen that the bright (dark) envelope solitons associated with the
unstable (stable) parametric regimes of DIAWs are allowed by
the plasma model.
6. Conclusion
In this work, we have considered the moment of inertia of
the warm ions along with negatively charged dust grains and
inertialess non-thermal electrons for studying the conditions of
MI of the DIAWs. By employing RPM, we have derived the
NLSE (36) from a set of basic equations, and have studied the
formation of the electrostatic envelope solitons associated with
DIAWs in an unmagnnetized DPM. The consideration of the
moment of inertia of the warm ions along with the negatively
charged dust grains in a three component DPM has significantly
changed the dynamics of DPM as well as the instability con-
ditions of the DIAWs. We, finally, hope that the findings of
our present investigation should be useful in understanding the
mechanism of the formation of electrostatic envelope solitons
in a three component DPM (viz., cometary tails [3], the magne-
tosphere of the Jupiter and the Saturn [4], interstellar medium
[5, 6], in the galactic centre [6], and the Earth’s ionosphere [9],
etc.).
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